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Hydrogen wave functions [Wikimedia]

Exercise 9.1: Canonical partition sum of the hydrogen atom (2P)

(a) Write down the partition sum Z(β) of the electronic excitations of a hydrogen atom
in the canonical ensemble. (1P)

(b) Show that the partition sum is divergent and try to explain why. (1P)

Exercise 9.2: Entropy of many harmonic oscillators (6P)

In this exercise we want to determine the entropy of N classical three-dimensional har-
monic oscillators in the microcanonical ensemble as a function of the energy E.

(a) Compute the phase space volume

V (E,N) =

∫
H≤E

3N∏
i=1

dqi dpi where H =
3N∑
i=1

(
p2i
2m

+
mω2q2i

2

)
.

Hint: Relate this integral to the volume of a 6N -dimensional sphere. (2P)

(b) Determine the phase space volume in an infinitesimal energy shell [E,E + δE],
given by (1P)

δV (E,N, δE) = δE
∂V (E, n)

∂E
.

(c) As a rough approximation, let us assume that each (quantum) state occupies a
volume (2πh)3N in the shell. Use Stirlings formula to approximate the entropy of
the states in the energy shell H(E,N, δE) = kB ln |Ω(E,N, δE)|, keeping only the
terms which grow at least linearly with N . (2P)

(d) Calculate the temperature of the system which is defined as T−1 = β = ∂H
∂E

. (1P)

Exercise 9.3: Legendre transformation - Extreme values (4P)

Let f(x) be a strictly convex (concave) function on R with the local slope m(x) = f ′(x)
and let f ∗(m) be the corresponding Legendre transform (see Lecture Notes).

(a) Show that f(x) + f ∗(m) = mx, highlighting the symmetry between f and f ∗. (1P)
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(b) Suppose that f(x) has an extremum at xext and that f ∗(m) has likewise an extre-
mum at mext. Confirm that (1P)

xext = f ∗′(0) , mext = f ′(0)

and that (1P)
f(xext) = −f ∗(0) , f ∗(mext) = −f(0) .

(c) Prove that the curvatures of f and f ∗ are always reciprocal to each other, i.e. (1P)

f ′′(x)f ∗′′(m) = 1 ∀x and m = f ′(x).

(Σ = 12P)

To be handed in on Monday, December 16, at the beginning of the lecture (PG1 directly to Pascal).
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